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Theorem 1.1 {#FPar1}
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Our second result counts the cells in an order-*k* Poisson--Delaunay mosaic. Letting *G* be a $\documentclass[12pt]{minimal}
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Theorem 1.2 {#FPar2}
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(Expected number of cells) Let *X* be a stationary Poisson point process with density $\documentclass[12pt]{minimal}
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Theorem [1.2](#FPar2){ref-type="sec"} is derived as a corollary of the main technical achievement of this paper: the development of a discrete Morse theory for order-*k* Delaunay mosaics, and explicit formulas that count the intervals in this theory. Rather than presenting this result here, we refer to Sect. [5](#Sec5){ref-type="sec"} for its precise statement.

**Outline.** Section [2](#Sec2){ref-type="sec"} describes the order-*k* Voronoi tessellations in detail, including a local characterization of their polyhedra and a proof of Theorem [1.1](#FPar1){ref-type="sec"}. Section [3](#Sec3){ref-type="sec"} describes the order-*k* Delaunay mosaics in detail, including a complete classification of their cells. Section [4](#Sec4){ref-type="sec"} generalizes the discrete Morse theory of Delaunay mosaics in \[[@CR4]\] from order-1 to order-*k*. Section [5](#Sec5){ref-type="sec"} counts the generalized intervals in the order-*k* Delaunay mosaic, which leads to a proof of Theorem [1.2](#FPar2){ref-type="sec"}. Section [6](#Sec6){ref-type="sec"} concludes the paper.

Voronoi Polyhedra {#Sec2}
=================
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Lemma 2.1 {#FPar3}
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**Equivalence relation.** We want to strengthen the previous lemma by including polyhedra other than the Voronoi domains. Recall that the interiors of the order-*k* Voronoi polyhedra partition $\documentclass[12pt]{minimal}
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Lemma 2.2 {#FPar4}
---------
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Proof {#FPar5}
-----
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Proof of Theorem 1.1 {#FPar6}
--------------------
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Delaunay Cells {#Sec3}
==============

In this section, we are more specific about the dual of the order-*k* Voronoi tessellation. As mentioned in Sect. [1](#Sec1){ref-type="sec"}, each vertex of the order-*k* Delaunay mosaic is the average of the *k* points that generate a non-empty order-*k* Voronoi domain. Each $\documentclass[12pt]{minimal}
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**Barycenter polytopes.** We introduce a class of convex polytopes that is slightly richer than the class of simplices. As we will see later, this class contains all polytopes we generically encounter in order-*k* Delaunay mosaics. Let $\documentclass[12pt]{minimal}
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**Characterization.** If *X* is in general position, which we assume, then every cell of $\documentclass[12pt]{minimal}
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Lemma 3.1 {#FPar7}
---------
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Relaxed Discrete Morse Theory {#Sec4}
=============================

To count Delaunay cells in a stochastic setting, we would estimate the probability that a given cell is defined by an order-*k* Delaunay sphere. For cells of intermediate dimension, there are pencils of possible such spheres, which presents a challenge to the local methods of probability theory. To circumvent this difficulty, we follow the approach of \[[@CR5]\] and group the cells into intervals defined by a discrete Morse function; see \[[@CR8]\] for an introduction to discrete Morse theory, and \[[@CR9]\] for the generalization of the theory that fits the geometry of Delaunay mosaics \[[@CR4]\]. As we will see shortly, order-*k* Delaunay mosaics pose new difficulties, which require a further relaxation of the theory.
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The discrete Morse theory of \[[@CR8]\] requires that level sets of the radius function are singletons and pairs, while the generalized discrete Morse theory of \[[@CR9]\] allows intervals, which are maximal sets of faces of a cell that share a common face. The level sets of $\documentclass[12pt]{minimal}
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The previous example begs the question how much more general the relaxed intervals are compared to the intervals. Each relaxed interval has a unique *upper bound*, which is a cell $\documentclass[12pt]{minimal}
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We are particularly interested in distinguishing the faces that share the center, *p*, from the other faces of *G*. The crucial concept is the visibility of facets of $\documentclass[12pt]{minimal}
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Counting {#Sec5}
========

In this section, we count the cells in the relaxed intervals that arise in the partition of order-*k* Delaunay mosaics. We use the result to prove Theorem [1.2](#FPar2){ref-type="sec"}.
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**Determination of intervals.** The analysis in the previous section suggests we use the order-*k* Delaunay spheres as intrinsic characterization of the relaxed intervals. Let $\documentclass[12pt]{minimal}
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Proof of Theorem 1.2 {#FPar10}
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Discussion {#Sec6}
==========

This paper gives evidence of the power of the discrete Morse theory approach to questions in stochastic geometry. The first step is the relaxation of discrete Morse functions so they apply to order-*k* Delaunay mosaics. This relaxation is non-trivial and of independent interest. Here we provide a complete combinatorial analysis of the relaxed intervals that make up the discrete theory, and we use it to generalize the main stochastic relations in \[[@CR5]\] from order-1 to order-*k* Delaunay mosaics.

While the results in this paper are predominantly combinatorial and probabilistic, there are connections to other areas of mathematics and to applications outside of mathematics. Results about the topological meaning of the relaxed Morse theory are under investigation in \[[@CR6]\], including algorithms to compute the persistent homology of multi-covers with balls. We hope that the stochastic and the topological tools together give a novel approach to dealing with dense data and will lead to a refined understanding of medium- to long-range effects in locally finite configurations, as they arise for example during the emergence of order in particle arrangements.
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In this appendix, we give a short reminder on the constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{{p},{q}}^{n}$$\end{document}$ used in the statement of Theorem [1.2](#FPar2){ref-type="sec"}. The complete definition and values for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \le 4$$\end{document}$ can be found in \[[@CR5]\]; here we only provide a sketch. We first define auxiliary constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${E}_{{p},{q}}^{n}$$\end{document}$, which we call the *spherical expectations*. Denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{u}=(u_0, u_1, \ldots , u_q)$$\end{document}$ a random simplex in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^q$$\end{document}$, whose vertices are chosen according to the uniform distribution on the unit sphere, and write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{Vol}{({\mathbf{u}})}$$\end{document}$ for its *q*-dimensional volume. We define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${E}_{{p},{q}}^{n} = {\mathbb {E}}{[{ \mathrm{Vol}{({\mathbf{u}})}^{n-q+1} {\mathbf{1}_{q-p}} (\mathbf{u}) }]}$$\end{document}$, in which$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbf{1}_{q-p}} (\mathbf{u})&= \left\{ \begin{array}{ll} 1 &{}\quad \text{ if } q-p \text{ of } \text{ the } q+1 \text{ facets } \text{ of } \mathbf{u}\hbox { are }{} { visible}\hbox { from }0 , \\ 0 &{}\quad \text{ otherwise }. \end{array} \right. \end{aligned}$$\end{document}$$Recall that a facet of a simplex is called *visible* from a point, if the hyperplane containing the facet separates the point from the simplex. Now we can define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{{p},{q}}^{n}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\le q$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_{{p},{q}}^{n}&= \frac{\sigma _n \cdot \sigma _{n-1} \cdot \ldots \cdot \sigma _{n-q+1}}{\sigma _1 \cdot \sigma _2 \cdot \ldots \cdot \sigma _q}\, \frac{\Gamma (q) n^{q-1} q!^{n-q} \sigma _q^{q+1}}{(q+1) \sigma _n^q} \, {E}_{{p},{q}}^{n}, \end{aligned}$$\end{document}$$in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma (q) = (q-1)!$$\end{document}$ is the Gamma function and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _j = 2 \pi ^{j/2} / \Gamma \bigl (\frac{j}{2}\bigr )$$\end{document}$ is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(j-1)$$\end{document}$-dimensional area of the boundary of a *j*-dimensional ball. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q=0$$\end{document}$, we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{{0},{0}}^{n} = 1$$\end{document}$.

This project has received funding from the European Research Council (ERC) under the European Union's Horizon 2020 research and innovation programme (Grant Agreement No. 78818 Alpha). It is also partially supported by the DFG Collaborative Research Center TRR 109, 'Discretization in Geometry and Dynamics', through Grant No. I02979-N35 of the Austrian Science Fund (FWF).

Open access funding provided by Institute of Science and Technology (IST Austria).

[^1]: Editor in Charge: János Pach
